A numerical study is carried out to analyze the effect of internal flow on the transport of diluted particles in a sessile droplet of water. We developed a numerical model that accounts for the flow and heat transfer as well as the transport of colloids in the droplet, heat conduction in the substrate and surrounding air, and vapor diffusion in the gas phase. The finite volume method is adopted to solve the problem and to predict how the colloids are distributed inside the droplet. The results show that the internal flow in the drop affects the distribution of the concentration of the solid particles during the evaporation. The outgoing radial flow tends to transport the particles to the edge of the drop toward the contact line, while the flow induced by thermo-capillarity, with its cellular pattern, tends to carry the particles from the edge toward the core of the droplet.
INTRODUCTION
The evaporation of drops of colloidal suspension is a phenomenon that may be encountered in many technological applications such as the biological organization of deposits of protein particles or DNA and the manufacture of microand nanowires or nanocrystals (Cuk et al., 2000; Heim et al., 2005) . The deposition patterns left after evaporation have ring-like structures (Deegan et al., 1997) or more complex shapes such as polygon arrays (Truskett and Stebe, 2003) , hexagonal matrices (Maillard et al., 2001) , or uniform deposits (Sommer and Franke, 2003; Hu and Larson, 2006) . The diversity of patterns highlights the complexity of coupled multi-scale transport phenomena occurring during evaporation. Most of the theoretical and numerical models developed are based on many assumptions. We may cite a few of them like fluid flow with negligible inertia , Hu and Larson, 2002 , 2005a , a small wetting angle of the sessile drop (Deegan et al., 1997) , a spherical cap shape (Picknett and Bexon, 1977; Hu and Larson, 2002; Mollaret et al., 2004; Dyreby et al., 2007; Gatapova et al., 2007) , a pinned contact line all along the evaporation (Girard et al., 2006; Widjaja and Harris, 2008a; Widjaja et al., 2007) , a negligible heat transfer between the drop and the substrate (Deegan et al., 1997; Deegan, 2000; Hu and Larson, 2002; Widjaja et al., 2007; Widjaja and Harris, 2008a) , and a negligible thermal Marangoni effect in the drop (Widjaja et al., 2007; Widjaja and Harris, 2008a,b) .
A literature survey shows that great attention is paid to the drop stain left after evaporation. Onoda and Somasundaran (1987) evidenced the effect of the chemical or physical heterogeneity of the substrate on the final drop stain. Maenosono et al. (1999) observed that the ring of nanoparticles is formed in two steps. During a first step, the contact line remains pinned and the particles accumulate at the periphery of the drop; then in a second step, the contact line is receding. Deegan et al. (1997 Deegan et al. ( , 2000 and Deegan (2000) reported extensive experimental data on coffee-drop deposits. Their observations showed that the particles dispersed in a drying drop will migrate to the edge of the drop and form a solid ring. This result, which is valid for a wide range of substrates, solvents, and solutes, is explained by the self-pinning of the drop and by an outward capillary flow within the drop that is generated to replenish the liquid that has evaporated from the edges. An array of patterns that include cellular and lamellar structures, sawtooth patterns, and Sierpinski gaskets was also observed in self-pinning condition. These structures arise from the competition between dewetting and contact line pinning. In addition to experiments, Deegan et al. (1997 Deegan et al. ( , 2000 developed a theory to predict the flow velocity, the rate of growth of the ring, and the distribution of solute within the drop. Popov (2005) proposed a model accounting for finite spatial dimensions of the deposit patterns in the evaporating sessile drops of colloidal solution. The geometrical characteristics of the deposition patterns are found as functions of the initial concentration of the solute, the initial geometry of the drop, and the time elapsed from the beginning of the drying process. The agreement between the theoretical results and the experimental data (Deegan et al., 1997 is demonstrated, and it is shown that the observed dependence of the deposit dimensions on the experimental parameters can indeed be attributed to the finite dimensions of the solute particles. Marin et al. (2011) performed experiments with monodisperse colloidal particles diluted in an evaporating drop with pinned contact line. They revealed a structural transition in the drop stain, from ordered crystals to disordered packings. This sharp transition originates from a temporal singularity of the flow velocity inside the evaporating droplet at the end of its life. When the deposition speed is low, particles have time to arrange by Brownian motion, while at the end, high-speed particles are jammed into a disordered phase. Marangoni flow within the drop can also affect the formation of deposits. Hu and Larson (2006) observed that the induced Marangoni effect had a preferential deposition at the center of the drop rather than at the periphery. Ristenpart et al. (2007) analytically showed that the substrate/droplet thermal conductivity ratio controls the direction of the internal Marangoni flow. Xu et al. (2009) added that the flow direction is also dependent on the ratio of the substrate thickness to the base radius of the droplet. Dunn et al. (2008) formulated and solved a mathematical model for the quasi-steady diffusion-limited evaporation of a thin axisymmetric sessile drop with a pinned contact line. The predictions of the model allowed capturing the experimentally observed dependence of the evaporation rate on thermal conductivity of the liquid and the substrate and on the atmospheric pressure. These authors used their previous model to analyze the quasi-steady-state evaporation of a thin liquid droplet on a thin substrate with a high thermal resistance (Dunn et al., 2009a) . They also generalized it to study the case of a bigger droplet on a thick substrate (Dunn et al., 2009b) and showed that including two ad hoc improvements to the model, namely a Newton's law of cooling on the nonwetted surface of the substrate and the buoyancy of water vapor in the atmosphere, gave excellent quantitative agreement for all of the combinations of liquids and substrates considered. The deposition traces depend on the flow direction. Shmuylovich et al. (2002) studied the formation of multiple rings for drying cases of water droplets of 1 to 70 µl, containing latex particles of 0.88 to 3.15 µm in diameter. The formation of the solid ring occurs through a succession of hooked contact line. Zheng (2009) theoretically showed that deinking occurs at about 50% of the total evaporation time, whatever the initial concentration of the particles in the drop is. Bhardwaj et al. (2009) studied numerically the formation of particle deposits during the drying of drops of nanoliter size. The results of their numerical model showed that the direction of the Marangoni flow inside the drop is controlled by the ratio of thermal conductivity of the PDMS substrate over that of isopropanol liquid. Fischer (2002) used the lubrication theory to study numerically the advection of particles and presented their transient distribution within the drop. Dietzel and Poulikakos (2005) simulated the coagulation of particles in a drop heated by a laser beam, a phenomenon that occurs so rapidly that loss of mass by evaporation is negligible.
The present work investigates numerically the effect of internal flow on the transport of diluted particles in a sessile drop of water during evaporation. The flow inside the drop may be induced by the large evaporation rate near the contact line, by the thermal buoyancy in the liquid phase if large temperature gradient is present, and/or by the thermo-capillary effect due to the variation of the surface tension along the drop surface. Little discussed in the literature, the relative importance of each driving effect and the result on the colloids transport during evaporation is analyzed here. The type of internal flow governs the drop stain after drying. The final pattern and its geometrical characterization depend on the liquid-solid deposit wetting. The physical phenomenon is described and documented in the present study.
PROBLEM STATEMENT AND MATHEMATICAL FORMULATION
A 10 mm 3 colloidal suspension droplet is resting on a horizontal substrate of radius R ∞ and thickness e s . The extent of the substrate is considered as being very large (R ∞ ≈ 200 R, R being the droplet radius). A very thin layer of aluminum that imposes an initial contact angle θ 0 of 78
• covers the upper face of the substrate (Grandas et al., 2005) . The small size of the droplet means that the surface tension force is prevailing over the gravity force and we may assume that the droplet has a spherical cap shape. The surrounding air is at a temperature T ∞ of 25
• C and a relative humidity H a of 40% far away from the droplet. The present study considers the case where the lower face of the substrate is at a temperature T w of 25
• C (unheated case) and the evaporation occurs in a stick mode, i.e., the contact line is pinned and the contact radius remains constant while the contact angle varies over time (Grandas et al., 2005) . Figure 1 illustrates the computational domain and the boundary conditions.
The domain is divided into three zones. Cylindrical coordinates are used in zone I corresponding to the solid substrate, toroidal coordinates in zone II of hemispherical shape that encompasses the liquid droplet and part of the surrounding air, and spherical coordinates in zone III that includes the remaining domain. The toroidal coordinates employed in zone II allow locating accurately the liquid-gas mobile interface with a single value of the coordinate β 0 .
The mathematical formulation based on conservation equations, i.e., mass, momentum, energy, and particles concentration is written in a general form (Ait Saada et al., 2010 , 2013 Bouchenna et al., 2015) . The flow inside the droplet is governed by the Navier-Stokes equations; it is induced by the strong evaporation rate at the contact line, the thermo-capillarity, and the thermal buoyancy. The Boussinesq approximation is made to model thermal buoyancy; thermo-capillary effect is included through the variation of surface tension with temperature at the liquidgas interface. Convective heat and mass transfers in liquid phase are obtained by solving the energy and colloids concentration equations. In the surrounding air, heat and vapor transport are modeled by diffusion equations. Heat conduction equation is used in the solid phase. All the transport phenomena induced by the phase change are assumed to occur in a quasi-steady state because of the very slow motion of the droplet surface during evaporation.
The governing equations are written in dimensionless form based on the reference length R, which is the base radius of the droplet and the reference velocity [dσ/(dT )][∆T /(µ l )] which is the capillary velocity. The superscript "*" indicates dimensionless variables. The dimensionless variables of temperature, vapor concentration, and colloid concentration are defined as
Then the dimensionless governing equations are cast in the form: i) In the liquid phase by using toroidal coordinates,
• Continuity equation
where h * and h * φ are dimensionless metric coefficients such as h
• Momentum equations
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Thermal buoyancy in liquid phase is taken into account by the term: (RaPr)/(Ma 2 )h * sin hα sin β(T * l ) in Eq. (2) and by the term: (RaPr)/(Ma 2 )h * (cos hα cos β − 1) (T * l ) in Eq. (3).
• Energy equation
• Colloids transport equation
Convective terms modeling energy and particles transport due to flow are included in Eqs. (4) and (5).
ii) In the gas phase by using toroidal coordinates in zone II and spherical coordinates in zone III,
• Vapor concentration equation
iii) In the solid substrate by using cylindrical coordinates,
The associated dimensionless boundary conditions are indicated in Fig. 1 and the dimensionless conditions at interfaces are written as (Bouchenna et al., 2015) :
• Solid-liquid interface (wet zone)
where
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FIG. 1: Computational domain and the boundary conditions
• Solid-gas interface (dry zone)
• Boundary between zone II and zone III
-Liquid-gas interface a) Mass conservation
with V * IZ being the velocity of the moving interface,
and h * 0 = tg (θ/2).
V *
IZ is obtained based on the drop geometry given by the shape of a spherical cap. We note that h * 0 , is the height of the drop apex and R αT is a thermal diffusivity ratio (gas/liquid).
e) Saturation concentration,
where C V (T ) is computed using a polynomial relationship of fourth power.
The coefficients a i , are selected to fit the experimental data of Raznjevic (1995) . f) Colloids concentration with a zero mass flux,
Several dimensionless numbers appear in the governing equations and the conditions at the liquid-gas interface. These are the controlling parameters of the study, namely the Prandtl number Pr = (v/α T ) l , the Marangoni num-
, the Lewis number with respect to vapor diffusion in air Le g = α T g /D, the Lewis number with respect to colloids diffusion in the droplet Le l = α T l /D pl , the thermal conductivity ratio RK (gas/liquid and solid/liquid), the thermal diffusivity ratio R αT (gas/liquid), the Jacob number J a = h lg / (c p ) l ∆T , and the ratio of the concentration difference over the density of water (∆C/ρ l ).
Once the governing equations (1)-(8) are solved, the vapor concentration field is obtained and the dimensionless evaporation rateṀ * can be deduced from the following relationship:
At a given value of θ(t) corresponding to unknown time t, the volume of the drop V D (t) is computed using the spherical cap geometry. With evaporation rate, the time step ∆t necessary to reach the liquid-gas interface position imposed by θ(t) is calculated by
NUMERICAL PROCEDURE
The governing equations (1)- (8) with the corresponding boundary conditions and interfacial conditions are solved by means of the finite volume method (Patankar, 1980) . Staggered grids are utilized in the drop with a very fine cell size, of the order of 10 −4 R, around the contact line in the three phases. The velocity-pressure coupling is handled using the SIMPLE algorithm (Semi Implicit Method for Pressure Linked Equations). The PLDS (Power Law Differencing Scheme) is adopted to discretize convection and diffusion terms. The solution method of the system of algebraic equations is based on a combination of the Thomas algorithm and the Gauss-Seidel point iterative method. Several convergence criteria of the iterative process are set. The solution is reached once the maximum relative error on each dependent variable (u * , v * , T * , C * , X * ) is less than 0.1%, the maximum residue of each conservation equation is less than 10 −5 , and the maximum allowable residue of continuity equation is less than 10 −10 . The implemented computer program is validated by comparing our results with the velocity field obtained numerically by Hu and Larson (2005b) in the same study conditions. Figure 2 shows a good concordance for a contact angle of 40
• . Under the thermo-capillary effect, the liquid flows along the drop surface from the contact line to the apex and returns to the triple line along the solid surface.
Another comparison is made with the results of Bhardwaj et al. (2009) , who studied numerically the formation of particles deposit after drying of sessile drops. Figure 3 displays the velocity and particle concentration fields inside the drop. Hu and Larson (2005b) . Case of a thermo-capillary-driven flow in a water droplet of 1 mm radius and θ 0 = 40
FIG. 2: Comparison of velocity field with results of
• on a glass substrate with k s = 0.96 W/m K, e w = 0.15 mm, T w = 25
• C, and Ha = 95%
FIG. 3
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FIG. 3: Comparison with results of Bhardwaj et al. (2009). (a)
Radial flow due to strong evaporation at contact line. Colloidal suspension droplet of water with initial particle concentration of 1% on a glass substrate (V 0 = 3.7 nL, θ 0 = 22
• ). (b) Thermo-capillary flow in colloidal suspension droplet of isopropanol with an initial particle concentration of 1.0% on a polydimethylsiloxane (PDMS) substrate (V 0 = 38 nL, θ 0 = 32
• )
A fairly good agreement exists between our results and those of Bhardwaj et al. (2009) . In the case of internal flow induced by the strong evaporation near the contact line, the largest concentration of particles is noted at the edge of the drop as illustrated in Fig. 3(a) . When the flow is driven by the thermo-capillary effect, the maximum particles concentration is rather located in the core of the drop [ Fig. 3(b) ]. Thus, it is confirmed that our numerical simulations reproduce reliably the particles distribution inside the sessile drop under the effect of the internal flow during the evaporation.
RESULTS AND DISCUSSION
The numerical results are presented for a case of a colloidal water droplet of 10 mm 3 initial volume resting on a substrate of aluminum. The contact line is pinned during all the evaporation process (Grandas et al., 2005) . The substrate is not heated and is at a temperature T w = 25
• C. The surrounding air is at room temperature of 25 • C and a relative humidity of 40%. The first part of the results considers the evaporation of a pure water droplet without the thermo-capillary effect and then including it in order to show its influence on the dynamic, thermal, and solutal aspects. The second part is devoted to study the effect of flow on the transport of colloids within the droplet. The stage of evaporation is indicated by the position of the contact angle (θ) which reflects a certain time (t) of evaporation relative to the initial volume of the droplet. Figure 4 exhibits the velocity field and the streamlines inside the drop for different contact angles. For the case without the thermo-capillary effect, a cellular flow with a clockwise motion is displayed at high values of the contact angle (θ ≥ 50
• ). Very quickly, this flow, influenced by the thermal buoyancy, tends to dissipate as the evaporation
FIG. 4:
Streamlines (left) and velocity field (right) for different contact angles for a pure water droplet process evolves (θ < 50 • ), giving way to an outward radial flow due to the stronger evaporation near the contact line. When including the thermo-capillary effect, the thermal buoyancy and evaporation effects become very weak and a counterclockwise cellular flow sets up. The liquid moves from the contact line toward the drop apex along the liquid-gas interface with much higher velocity as compared to the case without the thermo-capillary effect, but decreasing over time. This flow is imposed by the surface tension gradient along the drop surface, which is itself due to temperature gradient. This cellular flow persists throughout the evaporation, except at the end where it becomes outward radial flow. The liquid velocity is higher at the drop surface than near the solid-liquid interface because of the adherence at the solid wall. Figure 5 shows the isotherms and iso-concentrations of vapor in the drop and the surrounding gas. The phase change at the liquid-gas interface results in an evaporative cooling and a cold zone with a temperature less than 25
• C settles around the drop. This cold zone is identified by closed curves around the liquid-gas interface in the temperature field. The local temperature is the smallest at the drop surface with a minimum value at the apex and a maximum value at the contact line. The liquid-gas interface may be seen as a heat sink; it absorbs the required heat for evaporation, which is supplied by the solid substrate via the liquid and by the surrounding gas. This heat input comes from the solid phase through the liquid along the axis of the drop; this is why the isotherms are in the form of horizontal lines in the liquid. It also comes from the gas phase and with less importance due to the thermal conductivity much smaller than that of the liquid or solid. At the same time, curved lines encompassing the surface of the drop form the iso-concentration field in the gas phase. The vapor transport resulting from the evaporation is done by diffusion in the air under the local concentration gradient at the liquid-gas interface as a driving effect. The contact angle decrease during evaporation reduces the drop surface height. This yields an increase in the temperature of the cold zone, but also a decrease in the drop surface whose influence is higher, which decreases consequently the global evaporation rate. The analysis of the temperature field in the liquid phase shows that the isotherms are much more influenced by the thermo-capillary flow than by the outward radial flow or buoyancy flow in the drop. The calculation of the Grashof number (Ra/Pr), based on the temperature difference between the top and the base of the drop, gives values lower than 2400, which is the critical Grashof number for the triggering of the natural convection (Holman, 2002) . This result is verified throughout the evaporation process. On the contrary, the values of the Marangoni number, based on the same temperature difference, exceed the critical value of 100 beyond which thermo-capillary convection occurs (Van Carey, 1992 ). This result is found especially at contact angles higher than 30
• . The distribution of isotherms allows us to state that the cellular flow induced by thermo-capillary convection countervails the cooling effect by extracting more heat from the substrate, resulting in a lower temperature difference between the surface and the base of the drop. However, thermo-capillary convection becomes weak at small contact angles. It is clearly seen that the temperature decreases from its maximum value at the contact line to its minimum value at the drop apex regardless of the contact angle. Furthermore, the temperature at the drop surface increases during the evaporation process, that is, the cooling effect is important at the beginning and then diminishes over time. This temperature profile allows assessment of the importance of the temperature gradient along the liquid-gas interface and consequently its impact on the importance of the thermo-capillary effect. It can be deduced that the thermo-capillary effect decreases with time and vanishes at small contact angles. Further to evaporation, the drop surface cools down, but the thermo-capillary flow supplies heat from the substrate to the drop surface and reduces the cooling effect. Figure 6 (b) plots the flux of evaporation rate versus the radial position along the drop surface. The local heat exchange in the liquid phase strongly influences the flux of evaporation. The local mass loss at the liquid-gas interface augments substantially near the contact line and increases over time in this zone when the contact angle decreases. However, it remains almost constant outside the vicinity of the contact line and it undergoes a decrease over time. This evaporation rate per unit area is one of the factors controlling the flow within the drop, especially near the contact line. Indeed, the flow velocity is high because of the relatively large mass transfer in this zone. However, it is noted that the influence of thermo-capillarity on the mass loss by evaporation is low, as shown by comparing the results presented in Fig. 6b(i) and Fig. 6b(ii) . Figure 7 presents the evolution of the global evaporation rate versus the contact angle including or the thermocapillary effect or not. The evaporation rateṀ decreases over time as the contact angle decreases. The local temperature at the drop surface increases during evaporation and thus induces an increase in the concentration of vapor saturation. However, the reduction of the drop surface area remains greater and yields a decrease of the evaporation rate. The latter is slightly larger for the case with the thermo-capillary effect at large contact angles. The difference decreases gradually until the same evaporation rate is obtained for the small contact angles, meaning that the thermocapillary convective effects become negligible.
The results presented next relate to the analysis of the impact of the internal flow (with or without the thermocapillary effect) on the distribution of particle concentration in a sessile drop of colloidal water during the evaporation. The solid particles, diluted in liquid water with an initial concentration of 1% (v/v) , are made of polystyrene with a diameter of 100 nm. The initial volume of the drop is 10 mm 3 , identical to that of the evaporation of a pure water drop For the various stages of evaporation, the radial flow, i.e., without the thermo-capillary effect, induces the particle distribution with a high concentration toward the contact line. This confirms the drop stain formation after drying that shows the particle deposit stuck up in the edge of the drop as long as the contact line remains pinned as reported experimentally by Deegan et al. (1997) and Marin et al. (2011) and numerically by Bhardwaj et al. (2009) . This result also corresponds to the theory of Deegan et al. (2000) , generalized by Popov (2005) , for evaporating sessile droplets with small contact angles, a viscous internal flow, and without evaporative cooling.
If we now consider the thermo-capillary flow, which is a counterclockwise cellular pattern as previously shown in Fig. 4 , then the flow, with its high velocity at the liquid-gas interface, conveys the particles from the edge to the core of the drop. This explains the high particle concentration near the drop surface. Nevertheless, this mechanism of particle transport due to the effect of thermo-capillarity vanishes toward the end of the evaporation, letting the effect of the radial flow prevail over the remaining short time. Consequently, it can be concluded that the solid particles, after drying, would deposit on the substrate, particularly in the core zone of the drop as Bhardwaj et al. (2009) have already shown numerically. The theory of Deegan et al. (2000) remains applicable toward the end of evaporation where the thermo-capillary effect is negligible. Before this, the internal transport of particles is influenced by a cellular flow due to the evaporative cooling of the droplet.
To conclude this study, we propose a method similar to that used by Bhardwaj et al. (2009) to predict the formation of particle deposits and their geometric characterization after complete evaporation of sessile drops consisting of a colloidal suspension. We remain with the case of the evaporation of a drop with a pinned contact line. In this case, the contact angle θ is at any time smaller than the receding angle θ rec . The latter can be determined experimentally by considering a drop placed on a substrate formed of a cluster of polystyrene particles. The possible formation of the particle deposit on the periphery of the drop takes place as shown in Fig. 9 . At the liquid-particle ring interface, the FIG. 9: Possible stages of particle ring formation during the evaporation of a sessile droplet with a pinned contact line interfacial condition assumes a maximum concentration of particles that is close to 70% and which corresponds to the formation of a solid deposit. Being of spherical shape, the drop reaches the same height as the solid deposit at a certain stage of the evaporation (t = t 2 ). Beyond this stage, the surface of the drop flattens, forming a liquid film with a contact line attached to the point I of the solid ring. The numerical simulation of the formation of particle deposit during evaporation must take into account all these stages of development, which is a challenge for the implementation. It necessarily requires an adapted numerical modeling. This work goes beyond the scope of this focused study on the analysis of the effect of the internal flow on the transport of particles diluted in a drop of water evaporating without heating on a substrate with a high thermal conductivity.
CONCLUSION
A numerical study is carried out to investigate the effect of internal flow on the transport of particles diluted in a sessile drop of water. The results showed that the flow inside the drop can be induced by the high evaporation rate close to the contact line or by the thermo-capillarity due to the cooling effect produced by the liquid-vapor phase change. The flow due to the spatially non-uniform evaporation is an outward radial flow. The thermo-capillary effect is prevailing over most of the evaporation time and it induces a cellular flow, but it vanishes at small contact angles to let the effect of non-uniform evaporation prevail. The evaporation rate is weakly influenced by the convective thermo-capillary effect inside the drop; this is exhibited much more at large contact angles. The flow inside the sessile drop of colloidal suspension imposes the distribution of solid particle concentration during evaporation. The outgoing radial flow tends to transport the particles to the edge of the drop, which yields the formation of a solid annular deposit after drying (coffee stain effect). The thermo-capillary-induced cellular flow tends to carry the particles from the edge toward the drop core, which yields the formation of particles deposit around the center of the drop.
